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• 1937 : tasse E Schmidt. tesine High Orden Derivativa fa

B- algebra R to pavide snbstitntes for Taylor expansion

of analytic function ( crede , 177,215 - 237 )

D= ( Do
,
Ds

,
dai . . _ ) : R sr

anch that

Dj (ab ) = [ Di a. Di .it *
ii. o

e. 9 . D. ( a- b) = D. a. b + a Dnb ,

0
,
la b) = 0

,
a. bt D. a. 0 ! + a. D. b

,
. . .

See e. g. Matsnmwra
,
commutative Ring Theory

,

1987
, p . 207



(et DIZ ) = [ Di zi : R a Rllzt ) ( Die Endgirl

Then Leibniz rules * can be snmmariaedas :

DCZ ) ( a b) = Data . DCZIB

If Do io invertibile in tenda ( R ) ,

then Dlz ) is invertibile in Endpslrlllz ) )
,

i. e
.

I Ìlz ) e Usb (R ) / Dlz ) D' Cz ) = ÒCZIOLZ ) =L

Writing D' G) = ?
.

c- 1) iòizi come fimds

5. =D
, ,

5
,
= Di - Or

,
. . .



Impositivi . Ùlz ) : R- Ritz ) ) is a hs - derivative
,

⑧

i. e .

Ùcz ) ( a . b) =
Òcz ) a. tcz ) b

In portiate

Ólzla
.
b = Òlzfa . Dlzib )

( integration by porta )

fa

IL D. = I D. a .
b = I. ( ab ) - ah b ( Integration

by pars )

Mary authors worked on USD : I. Ribemb.im/?Vojtalfnietbnndlea ) ,
A. Skielnes and one of the best active experts

,
Luis Narvaez (Sevilla)

.



HIOEA
or

Mane - Schmidt Derivati .ms on Exterior Algebra
.

% :-.
QIN

( v :-. -4=0.1×1 )lei :
( an )

Definition : A Mane . Schmidt ( HSI derivation on
1% is a

a. linea mar :

ppi ) : Avn i Illel )

anch that

Dlz ) ( unv ) = Dlz ) un Dlztv V-u.ve Nn



Writing Dlzl = !
. .

Di zi (die end lumi )

Higher Onda Leibniz like rnbs hold

( Da + D
,
7 + D

,
zia

.
. .

) (un v ) = (Dont D, n . 2- e quiz? . . ) a ( dove ? v. z + D.v. 77 . . . )

From which

D. ( un v ) =D . un d. v , D
,
( n an ) = In n Dove D. un D

,
v

and
,
in general

,
ti j , o

i

D; ( nn vi = ÷ Di un di .in

If D. = 1
,

D. ( un v ) = Di un v + un D. v

I



Integration by Into
I

Proposition. Il D. e Auto
.

It )
,

then

tizi . tniòizi = ÷
,

E End ( Avn ) Liz?
io
, io

exists
,
is a ns derivativi

and the integration by porta formula holds

Ólz ) ( Dlztnnv ) = un àiziv ( * )

In pntimhr

D
,
un v =

D
,
( un v ) - un 0

,
v



{ xteriorfowers.0.lk )

Lett P = { ? = l'arte ? . .
- I all zero butginitelymany } = partitina

III. E b ;
ll ? I = # { il lieto } .

-

? = { partitina with at mostra porta} = { I EPII ; =o.it i > rei }

A
"

V = ⑨ 0. . ? wmally written as ④ ④ I' 1? )
7. epr

whoa

XY? ) = X
" - " "

in #
"""

n
. .

.MX
"

e. s . I' 13 ,
D= X

"

:X
'

il

X
"
a ×

'

Exterior Algebra

AV = ( §!
"

V
,
n ) with the swpercommutative iuxtaposition

product
"

^ , .



1
"

( X ) E ① lesse . . . . . , e . ] A
"

Vn E N' (crimini
, )

(et B
.

= ④ lei
,
e
. .

. . . .eu ) be the ring of symmetric

polinomiali in r indeterminata .

It is nell Known that

B. = @Q.Dalnr ) = N' QIXI d
, ",
chi .im ho

te?
µ ha ↳

tidetlhaj.j.ci ) examree

where ( hjlje , are the complete symmetric polinomiali

[ hjzi =

1

je k
l - e.Zt . . . + C- 1)

"
e
,
Z
"



Applications

a) Basic Mnltilivear Algebra (e. a .
Cayley - Hamilton Theaem ) c- ,

Scherbak)

C-
,
Rowan )

b) Schubert (alculns ( classica
,

Quantum
,
Equivaniant ) f- ,

2005 )

via Schubert Derivati.us ; C.
,
Cadavere

,
Santiago , 2007,2008 )

c) Repusentatiou theory

• vertex operators , Bosone - Fermioni Corrispondeva
( -

, Salehyan 2014 )

• KP ttiernchy , 03km vertex operator nepresentation of an ( 2019 )

7

C- , Behzad ,

contino
,
Chapman 1 Rowan

, Scherbak , sale hyan , Vidal
Martins

,
-
. .



MAIN EXAMPLE S

a) LA dlz ) = E tizi : nun sllvnllztl a

"

derivativi,

d. (a) Curvi = dlzlnnv + undlziv dlzltivn E 1
"

Vnfiz })

( d' zi ) : Nn snvnllztl e 451141

b) letfegl.vn/--fliealgehaofendomathismsofTh }

8 : glie ) a
End HK )

f > Siti
.

snch that Elf ) (usa fin ) , Veneti

d' (f) ( vnw ) = Elf )vnwtvnolflw ,
V.v

,
we Un



I.position . http. ) = [ Di zia e xp (§
. .
! oilfiizi )←

is the unique
MS - derivative on tv sum that

D' Cz ) cui = [ fncu ) E
"

e

-

Il " ) E xp ( ftp.z ) )
h 70

Il

Its inversi is : tttcz ) = !!- Iiii!! expf !
.

! orifizi )
i

oned

D- f-
(e)u = µ _ fin ) z In particolar by induction

= n.is?z+qzi-I,u.zh(iI-rn=oitisn → ti :p vi. o il im )



Integration by pants for Dtlz) :
-

f f f

µ Iz ) ( D ( a) un v ) = un Òfziv

is the Cayley - Hamilton theorern .

Suppose Tim viene a .
Then dima NK = 1

( et Ù ! { = li (f) } , li (1) E 0. ftp./f=Ii.e,lflzx...efiienlftz" ) }
i

Theorem ( - ,
Schnbak

,
201g )

trans

Di . e. Hindi , + . . .
+ fhnenlf ) = O in 1%

In hatiahr
,
fa all .net :



DÌ ln) - e , (f) DI
. .

( n ) e .. . e l - Ilmen (f) ± = o ( D ! u = film ) )
±

(f
"

- e
,
f
" "

t .. .
+ C - line

n ) e = 0 HA E TI

Idea of haof Let ne 1
" vi

.
Then for all < e ti

- "

%

DI (n ) - e , DÌ
,

lui e . . . e C- e)mente ) u nn = 0

In fact : D' tlz ) 1 D' G) un n ) = un tttlziv

¢ - e , 2- t.ua enzn) * (a)un v ) = n a tifare

DI un v - es DÌ , un v + . . . + filmando a nn = un Ò! v (n > n -
K ) ma

0
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SCHUBERT DERNATIONS

Recale : In = ""t.tl
*
IN e) E A * IN

"

④ Q )
( Xml

(et X. : In sti be the multiplication by X and

X : : Un- In mnltiplicahianby X.
'

,
i. e

.

L . ! . E
'

Derrate by

alzi :
-

oizi : nun sllvnflzl ! & alzi :[[ iz-ia.tv -1417:
i :O in

the unique MS - derivati .ms on htm snch that :

manipulation

:X
'

=
. Xiii a :X :c;- iii. È:/ !

" ÌX '
-

i. ← by ×
- i

Their inversi Ita ) and Ita ) on the unique MS - derivativa
= Xi"

. j - I

mah that Ita ) Xi . Xi . Xi'
'

z & o.cat/'=Xi-XZ



È ×
"

n +0 Example

% I'12 ,
2) = E X

"

n X
' nxot-qlxhnxhnxo.iq/Xhnxhn9Xo-Xhx! :X

°

= ( { X.
"
n head " no

,
×
' "

no
,
X
?

) all' + Io
,
+
"
n ×! + "

no
,
X
' ) no

,
Xotxhn ×

'

- --

✓

(X. ' n ×
'
+ X
'# + XXX ' ) a X

'
+ ( xtinxsxxhnxh ) n × '

+
'

AX
'
n X

'

+ Xtnxni
'
= !? f.4. 2) + X.

'

( 3,2 , 1)

Io

GXYr.it ± d' (4,21+4412,1)



Piemonte ( n
"

Vnlw = t ii. X.
"

( II (A " Vn )
,

= ④ A.
"

co ) : io -1
"- '

n
. . .
nx

'

ltnw
| q

Kim- K )

G :
" Vn ) w '

"vnlw.it µ
"

n )
". . "

= ① ITA - Ki
"

) :X
" - '

n
. .
.MX
"

One more example

X
'

n X
"

= X
'

n q Xo = ( +
'
n ×

' ) - a. ×
'

n ×
'

= 9
?
( Xix . ) .

o

dimln " -4 )
.

= 1

= a.
' ( Xi' axo ) - :(+

" nxo )
din (MI ) Kim . " , =

I

Integration
= ⇐

'

- E) +
' nxo

baratri Ì×Gianni Formula



-

heaven ( s )
the sum

t r
over all µ E? /

1) f. ieri 's Formula holdsq.fi ? ) = XII ) .

C-
,
Asian

. I. Math
,

2005 ) I | imdb.ie/Il-if)
2) Definire hi.IT ! ) : = E Ita ) . Thent get a structure of( .

-

"
B
,
-modulifree Br-modnleafrank1gemerahedby.Xr-inxr-in.a.nxB@n.no

mah that
✓

v _

Hai -- saturnini
nv!

111 112

/ " 4444mi
,
Q ) H!Girini , Q )

Giambelli 's Formula detlh . ; - s' ei ) ma



Example : A' Vn
»
e H* (Gir ,

neri
,

)

Xin X
°

E [ G ( 2. neri ) ( the fundamentals clan )

ha c. Brin +' E class of a point ( c. dimensioni 2n )

p
.

-

chan ofahypnplaneinhln.vn . .) in

UI ha ( Ghinee ) ) = degli ) . ( pt )

t.im GC2.net/=2n

linka .net/=rYHnxY=,!L.(Y)xninxrn-i=
Catalani

= III. III. ÷:" :c:



Towards Vertex Operators

tv
in B

.

B

;
"""

|
?
? H aiin.i.x.in

Br
'

s Bre , ÷
Ebrei

-

→ dea

Combinatoria hoblem Fino a formula for /

PROPOSITION VOI
The wa

,
lo do is to considero geueneting function

µ

{ Xiizin XY ? ) - [ (e) X.4^+411=7 ' zio.cat/'
"

( ? ) en
" '

Vnfàizt
.

ii. i

if si :-. ! È:/ ⇐ o
⇒ siiii ) . gii one

has :

si siùid XTH.w-niodwilp.do.cn/TaYeN-iVnlw-:wIl.



PROOF OF PROPOSITI ON VOI ( for r :/ )

{ { izin ftp.i?.XizinX
'

=

= [ (E) X
'

n Xd ( definition of alzi )

i@XozXCinregnetimhypnts1--GlztfXonlXIz.X" '

)) ( def . of Fez ) )

= # A) (¢
' "
- ¥ ) a X

'

)

= Z o, Cz ) ( t.cz ) ×
" '

n Ila ) +
°

) ( def . Ice ) )

= 7 oicz) è.cz ) X
# '
n ×

'

= Zach ècz ) X?? ) DIDI



In porticata

{ tizi n X.
"

H )

=

zrqiz.io a) X "
'

'! )
= zrii. o - t.cz ) A

>
( tre ,

)

+
"

co )
Xrco ) Erlz )

Whydoweane ? ✓

QUI

IL no
, nepheaig A

"
' " I with 7- iii. " A'" v

. .

-
-

Vertex operator
then B : Qlpi

, E. E , . . . I Piz ) le

11

and
cz )- exr !?

.
.IE?i)exr/-Z ! ! ;)

✓ → a

n



^ -

Recenti risulta

• Study ing 1 QLX ) as a separatati of glock IM ) throngh nitahle
-

Vertex operators on Enterior Algebra ( Behzad , Contino , - Vidal Marius ,

Colle ctanea Math
. ) .

This generalizia (-
,
Saleh> an ,

comm
. Alg .

2020 :
" The Cohomology of Grasrmanniansis a gln :

modula
. . )

q

• Stndyng the B 7

Vi UI

bonomia & Fermioni, Repnesentation of gl ( t QIN )

throngh product of vertex operators
,
genera living ( - , Snlehyan ,

BBMS
,
2020 ) and Date - Jimbo - kashiwara - Mina ( 1981 )

( Behzaat , - ,
fondamenta Math .

202 '
,
to appeal )

- see ArXiv : 2009 .

00479
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